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Taking a Quantum Detour: General Scheme

The 1idea: Quantum theory as a regularizer

m Asitis apparent when considering the Hydrogen atom, quantization may act as a
for classical singularities
(] A New singularities may appear (e.g van Hove I-infrared singularity) A

m The idea of taking a quantum detour is to exploit quantum mechanics (and the
correspondence principle) as a regularizer for classical problems

= Since the correspondence principle appears to be transparent to quantum
generated singularities (QFT renormalization — see Lecture II), this approach
seems reasonable/promising,
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The precise scheme: # — 0 Liouville — LiouvilleTFlow

wp(1) () = wp(-) — i [} (1) (adHy - )dT
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Taking a Quantum Detour: General Scheme

The precise scheme: # — 0 Liouville — LiouvilleTFlow

() () = 0p(+) =i [y wy(T)(adHy, - )dT
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Taking a Quantum Detour: General Scheme

The precise scheme: # — 0 Liouville — LiouvilleTFlow

() () = 0p(+) =i [y wp(T)(adHy, - )dT
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Taking a Quantum Detour: General Scheme

A related idea: quantum superselection of classical
trajectories [Chabu 2016 (also Fermianian-P.Gérard-Lasser

2012)]

» Take a particle moving in the classical potential V(q) = —|g|. The classical
dynamical theory lacks uniqueness: trajectories passing through (g, p) = (0,0)

b,
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Taking a Quantum Detour: General Scheme

A related idea: quantum superselection of classical
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Taking a Quantum Detour: General Scheme

m C. Particle: «Which way to go?»
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Taking a Quantum Detour: General Scheme

= C. Particle: «Which way to go?»
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= C. Principle: «I’ll guide you!»
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Quantum detour: a proof of concept

Classical rigid charges interacting with the EM field

n ‘ Newton—Maxwell Equations: ‘

. _ B
QG =

p; =m;(0; *E)(q;) + p; x (¢; * B)(q;) = V;V(q)

3,B(-) + VxE() =0
JE() -V xB() ==X, Zo;(- - q)

V-E()=%,0( -q)
V-B()=0
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Quantum detour: a proof of concept

Folklore: Disasters with (Almost) Point Charges

= | Point Charges:

gj=¢6 = i

(electrostatic energy unbounded from below, atomic collapse by radiation)

L] ‘ Charges with a small radius: ‘

0j = ej]l{|.|<2c12} = é

ij

(existence of runaway and non-causal solutions)
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Quantum detour: a proof of concept

Classical Well-Posedness

= | Global Well-Posedness (V € €2):

0, “regular enough” => GWP on suitable Sobolev spaces for E and B
(o e H' = GWPforE € (H?)” and B e (H2)™)
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Quantum detour: a proof of concept

Quantum rigid charges interacting with the EM field
(Coulomb Gauge — Fock representation)

u | Pauli-Fierz Hamiltonian: | L2(R3") ® T((L2(R3,C2))

. <1 S )2 ) + H
thzﬁ(pj—A](qj,a)) +V(¢I)+Hf’

2
o K) (e ik, o —2miked,
4G = Y [ L (T 00 @, (0T + F ;00 @ (e > Yk

2
He=") [ Ky (ka, kydk ,
A=1

[Gj. Dol = ihdjq . [d;(k),dy (K')] =18, 8k k).

[ ‘ Quantum Dynamics: ‘

_itH e
wp (1) = e 1 g, ol il
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Quantum detour: a proof of concept

Quantum Well-Posedness

= | Global Well-Posedness (V € ‘sz):

0; € H1ln H% = I:Ih is self-adjoint on D(ﬁz) N D(ﬁf) .

Remarks

= More singular Vs are allowed (e.g Coulomb)

= Tolklore is that point charges shall be admissible, however it is still mathematically an open
problem (a renormalization is required)

= Atoms are stable, and no runaway or non-causal solutions are present
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The detour theorem

Theorem ([Ammari-M.F.-Hiroshima 2022])

0 EH'nH'"% = (N-M)GWPfrE € (H?)™ and B € (H?)™

0<o <

SIE
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Quantum detour: a proof of concept

Proot of the proof of concept

n ‘ Step 0: (Abstract(Fock) Semiclassical Analysis) ‘

n ‘ Existence of Wigner Measures: ‘ (sufficient conditions on wy,)

O dp(x)

(here x = (q,p, E,B))
L] ‘ Step 1: (Correspondence principle) ‘

m ‘ Liouville dynamics ‘

.7 L.
-z 1H, z1H,
e (L) en ™

h-0 h-0

I %, () -
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Quantum detour: a proof of concept

= | Step 2: From Liowville to a.e. GWP|

n ‘ A priori uniqueness ‘

0; € H~' nH'-? = There exists at most one H? -solution of (N-M)

w | Liwouville flow: | [Rouffort 2018]

[A priori!] A [Tp, = £,11] = 3! x(2) sol. of (N-M) for pr-a.a. x

= | Step 3: Globalizing |

L] ‘ Coherent states concentrate on all points

Vxo dw;[xg] (coherent state of minimal uncertainty): w;[xg] P ds,, -
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Thank you for the attention (III)
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