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Taking a Quantum Detour: General Scheme

The idea: Quantum theory as a regularizer

As it is apparent when considering the Hydrogen atom, quantization may act as a
regularizer for classical singularities

!△New singularities may appear (e.g. van Hove I-infrared singularity) !△
The idea of taking a quantum detour is to exploit quantum mechanics (and the
correspondence principle) as a regularizer for classical problems

Since the correspondence principle appears to be transparent to quantum
generated singularities (QFT renormalization – see Lecture II), this approach
seems reasonable/promising.
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The scheme: Lifting – Evolving – Converging

𝑥0 𝑥𝑡
?
Φ𝑡
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Taking a Quantum Detour: General Scheme

The precise scheme: ℏ → 0 Liouville – Liouville↑Flow

𝜔ℏ(𝑡)( ⋅ ) = 𝜔ℏ( ⋅ ) − 𝑖 ∫𝑡
0 𝜔ℏ(𝜏)(ad𝐻ℏ ⋅ )d𝜏

Marco Falconi (PoliMi) QFTℏ→0 Metz; June 2024. 5 / 75



Taking a Quantum Detour: General Scheme

The precise scheme: ℏ → 0 Liouville – Liouville↑Flow

𝜔ℏ(𝑡)( ⋅ ) = 𝜔ℏ( ⋅ ) − 𝑖 ∫𝑡
0 𝜔ℏ(𝜏)(ad𝐻ℏ ⋅ )d𝜏

∃(𝑡 ↦ 𝜇𝑡) s.t. 𝜇𝑡 = 𝜇 + ∫𝑡
0 ∇t(𝑋𝐻0𝜇𝜏)d𝜏

ℏ→0𝜔ℏ→𝜇

Marco Falconi (PoliMi) QFTℏ→0 Metz; June 2024. 5 / 75



Taking a Quantum Detour: General Scheme

The precise scheme: ℏ → 0 Liouville – Liouville↑Flow

𝜔ℏ(𝑡)( ⋅ ) = 𝜔ℏ( ⋅ ) − 𝑖 ∫𝑡
0 𝜔ℏ(𝜏)(ad𝐻ℏ ⋅ )d𝜏

∃(𝑡 ↦ 𝜇𝑡) s.t. 𝜇𝑡 = 𝜇 + ∫𝑡
0 ∇t(𝑋𝐻0𝜇𝜏)d𝜏

𝑥(𝑡) = Φ𝑡 𝑥

ℏ→0𝜔ℏ→𝜇

𝜇-a.e. ∃(!)Φ𝑡

Marco Falconi (PoliMi) QFTℏ→0 Metz; June 2024. 5 / 75



Taking a Quantum Detour: General Scheme

The precise scheme: ℏ → 0 Liouville – Liouville↑Flow

𝜔ℏ(𝑡)( ⋅ ) = 𝜔ℏ( ⋅ ) − 𝑖 ∫𝑡
0 𝜔ℏ(𝜏)(ad𝐻ℏ ⋅ )d𝜏

∃(𝑡 ↦ 𝜇𝑡) s.t. 𝜇𝑡 = 𝜇 + ∫𝑡
0 ∇t(𝑋𝐻0𝜇𝜏)d𝜏

𝑥(𝑡) = Φ𝑡 𝑥

ℏ→0𝜔ℏ→𝜇∀𝑥∃𝜔ℏ[𝑥]→𝛿𝑥

𝜇-a.e. ∃(!)Φ𝑡

Marco Falconi (PoliMi) QFTℏ→0 Metz; June 2024. 5 / 75



Taking a Quantum Detour: General Scheme

A related idea: quantum superselection of classical
trajectories [Chabu 2016 (also Fermianian-P.Gérard-Lasser
2012)]

Take a particle moving in the classical potential 𝑉(𝑞) = −|𝑞|. The classical
dynamical theory lacks uniqueness: trajectories passing through (𝑞, 𝑝) = (0, 0)
bifurcate .
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Taking a Quantum Detour: General Scheme

C. Particle: «Which way to go?»

(𝑞(1)2𝑡 , 𝑝(1)2𝑡 )

(𝑞0, 𝑝0) (0, 0) (???)
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Φ(1)
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Φ(2)
𝑡

C. Principle: «I’ll guide you!»
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Quantum detour: a proof of concept

Classical rigid charges interacting with the EM field

Newton–Maxwell Equations:

(N-M)

⎧{{{{{{{
⎨{{{{{{{⎩

q̇𝑗 =
p𝑗
𝑚𝑗

ṗ𝑗 = 𝑚𝑗(𝜚𝑗 ∗ E)(q𝑗) + p𝑗 × (𝜚𝑗 ∗ B)(q𝑗) − ∇𝑗𝑉(q)

𝜕𝑡B(⋅) + ∇ × E(⋅) = 0
𝜕𝑡E(⋅) − ∇ × B(⋅) = −∑𝑗

p𝑗
𝑚𝑗

𝜚𝑗( ⋅ − q𝑗)

∇ ⋅ E(⋅) = ∑𝑗 𝜚𝑗( ⋅ − q𝑗)
∇ ⋅ B(⋅) = 0
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Quantum detour: a proof of concept

Folklore: Disasters with (Almost) Point Charges

Point Charges:

𝜚𝑗 = 𝑒𝑗𝛿 ⟹ E
(electrostatic energy unbounded from below, atomic collapse by radiation)

Charges with a small radius:

𝜚𝑗 = 𝑒𝑗1{| ⋅ |< 2𝑒2𝑗
3𝑚𝑗

}
⟹ E

(existence of runaway and non-causal solutions)
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Quantum detour: a proof of concept

Classical Well-Posedness

Global Well-Posedness (𝑉 ∈ C 2
b ):

𝜚𝑗 “regular enough” ⟹ GWP on suitable Sobolev spaces for E and B

(𝜚𝑗 ∈ 𝐻1 ⟹ GWP for E ∈ (𝐻 1
2 )×3 and B ∈ (𝐻 1

2 )×3)
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Quantum detour: a proof of concept

Quantum rigid charges interacting with the EM field
(Coulomb Gauge – Fock representation)

Pauli-Fierz Hamiltonian: 𝐿2(ℝ3𝑛) ⊗ Γs(𝐿2(ℝ3, ℂ2))

�̂�ℏ =
𝑛
∑
𝑗=1

1
2𝑚𝑗

( ̂𝑝𝑗 − 𝐴𝑗( ̂𝑞𝑗 , ̂𝑎))2 + 𝑉( ̂𝑞) + �̂�f ,

𝐴𝑗( ̂𝑞𝑗 , ̂𝑎) =
2
∑
𝜆=1

∫ℝ3
𝜖𝜆(𝑘)
√2|𝑘|

(ℱ𝜚𝑗(𝑘) ̂𝑎𝜆(𝑘)𝑒2𝜋𝑖𝑘⋅ ̂𝑞𝑗 +ℱ𝜚𝑗(𝑘) ̂𝑎∗𝜆(𝑘)𝑒−2𝜋𝑖𝑘⋅ ̂𝑞𝑗)d𝑘 ,

�̂�f =
2
∑
𝜆=1

∫ℝ3 |𝑘| ̂𝑎∗𝜆(𝑘) ̂𝑎𝜆(𝑘)d𝑘 ,

[ ̂𝑞𝑗 , ̂𝑝ℓ] = 𝑖ℏ𝛿𝑗ℓ , [ ̂𝑎𝜆(𝑘), ̂𝑎∗𝜇(𝑘′)] = ℏ𝛿𝜆𝜇𝛿(𝑘 − 𝑘′) .

Quantum Dynamics:

𝜔ℏ(𝑡) = 𝑒−𝑖 𝑡
ℏ �̂�ℏ𝜔ℏ𝑒𝑖

𝑡
ℏ �̂�ℏ .
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Quantum detour: a proof of concept

Quantum Well-Posedness

Global Well-Posedness (𝑉 ∈ C 2
b ):

𝜚𝑗 ∈ �̇�−1 ∩ �̇� 1
2 ⟹ �̂�ℏ is self-adjoint on 𝐷( ̂𝑝2) ∩ 𝐷(�̂�f) .

Remarks
More singular 𝑉 s are allowed (e.g. Coulomb)

Folklore is that point charges shall be admissible, however it is still mathematically an open
problem (a renormalization is required)

Atoms are stable, and no runaway or non-causal solutions are present
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Quantum detour: a proof of concept

The detour theorem

Theorem ([Ammari-M.F.-Hiroshima 2022])

𝜚𝑗 ∈ �̇�−1 ∩ �̇�1−𝜎 ⟹ (N-M) GWP for E ∈ (𝐻𝜎)×3 and B ∈ (𝐻𝜎)×3

0 ≤ 𝜎 ≤ 1
2
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Quantum detour: a proof of concept

Proof of the proof of concept
Step 0: (Abstract(Fock) Semiclassical Analysis)

Existence of Wigner Measures: (sufficient conditions on 𝜔ℏ)

𝜔ℏ ⟶
ℏ→0

d𝜇(𝑥)

(here 𝑥 = (q,p,E,B))
Step 1: (Correspondence principle)

Liouville dynamics

𝜔ℏ 𝜔ℏ(𝑡)

𝜇 𝜇𝑡

𝑒− 𝑖
ℏ 𝑡�̂�ℏ ( ⋅ ) 𝑒

𝑖
ℏ 𝑡�̂�ℏ

ℏ→0 ℏ→0

ℒ𝑡 ( ⋅ )
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Quantum detour: a proof of concept

Step 2: From Liouville to a.e. GWP

A priori uniqueness

𝜚𝑗 ∈ �̇�−1 ∩ �̇�1−𝜎 ⟹ There exists at most one 𝐻𝜎-solution of (N-M)

Liouville flow: [Rouffort 2018]

[A priori !] ∧ [∃𝜇𝑡 = ℒ𝑡𝜇] ⟹ ∃! 𝑥(𝑡) sol. of (N-M) for 𝜇-a.a. 𝑥0

Step 3: Globalizing

Coherent states concentrate on all points

∀𝑥0 ∃𝜔ℏ[𝑥0] (coherent state of minimal uncertainty): 𝜔ℏ[𝑥0] ⟶
ℏ→0

d𝛿𝑥0 .
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Thank you for the attention (III)
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